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Graph Neural networks

Spectral Methods

Main References:

Stanford course CS224w by Leskovec:
http://cs224w.stanford.edu/

Bronstein et al.
Geometric deep learning: going beyond Euclidean data,
https://arxiv.org/abs/1611.08097
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Adjacency and Incidence matrix

Adjacency matrix (unweighted graph):

Powers of the adjacency matrix:
(An)ij : number of paths from vertex i to vertex j of length n

A2 =


2 1 1 1
1 2 1 1
1 1 1 0
1 1 0 3


D = A2 degree matrix, dii = (A2)ii number of edges in vi .
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Message Passing: Review
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Message Passing: Matrix formulation
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Group Equivariance
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Group equivariance: Encoder function

The encoder function V −→ Rd must be invariant by relabelling of
vertices operation.

But, it must also take into account the adjacency matrix!
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Line Graph and Adjacency matrix

Given a graph G, the line graph L(G):

each vertex of L(G) represents an edge of G

two vertices of L(G) are adjacent if and only if their corresponding edges
share a common endpoint.
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Incidence matrix

Incidence matrix X (G) (or X (G)t for a graph G :

Incidence matrix for a directed graph:

Theorem. A(L(G)) = X (G)tX (G)− 2I .
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Functions on graphs

Functions on vertices and functions on edges:

F (V ) = {f : V −→ R} analogy withC∞(M)

F (E) = {f : E −→ R} analogy withΩ1(M)

f : V −→ R ⇐⇒ h ∈ R|V |

differential operator on F (V ) ⇐⇒ |V | × |V | matrix

exterior derivative d : C∞(M) −→ Ω1(M) ⇐⇒ |E | × |V | matrix

Rita Fioresi The Geometry of Deep Learning. Lecture 5: Spectral Methods in GNN



Incidence matrix as gradient

G = (V ,E) directed graph, f : V −→ R function on vertices.
Discrete gradient of f :

∇f : E −→ R, f (i , j) = f (j)− f (i) coboundary operator!

Proposition. The operator ∇ (or ∇t) is the incidence matrix (obvious).

Note. d is the discrete version of exterior derivative:
C∞(V ) = { functions on V } −→ Ω1(V ) = { differential forms on V }
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Laplacian on graphs

For ordinary geometry the Laplacian is the operator:

∆ = ∂2
1 + · · ·+ ∂2

n = (∂1 + · · ·+ ∂n) · (∂1 + · · ·+ ∂n) = ∇t · ∇

Definition. Let G(V ,E) be an directed graph:
L = D − A is the Laplacian.
D degree matrix
A adjacency matrix

Proposition. L = ∇t · ∇ (obvious)
∇: discrete gradient.

Example.

∇ =

(
−1 1 0
1 0 1

)
, ∇t∇ =

−1 1
1 0
0 1

(
−1 1 0
1 0 1

)
=

 2 −1 −1
−1 1 0
−1 0 1


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Linear Algebra Facts

det(L) = 0, hence one eigenvalue is zero.
If ∇ is rectangular: obvious. Otherwise: rk∇ = n − 1 (Godsil, Royce).

L = ∇t · ∇ is symmetric: by Spectral Theorem it is diagonalizable.

All eigenvalues of L are positive or zero:

0 ≤ λ0 < λ1 < . . .

Sketch. For any matrix (T t · T )ii = rowi · rowi

ForT = P t∇P, P t∇tP · P t∇P =

λ0 . . . 0
...

...
0 . . . λn


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Weighted Laplacian on graphs

Bronstein defines:
LW = M−1(D −W )

,
W replaces A: wij = 0 if (i , j) not an edge.
Case 1: M = I , L = D −W , for W = A we recover previous Laplacian.
Case 2: M = D−1, LD = I − D−1W , for W = A is the diffusion/walk matrix.

Proposition. Let h : V −→ R (vector of features, here 1 feature only). Then

(D−1Ah)(v) =
∑

u,(u,v) edge

h(u)

d(u)

d(u) degree of u = number of edges in u.
Proof. Obvious (just write it!)
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Laplacian and features

Key Point
Feature function h : V −→ R ⇐⇒ h ∈ R|V |

Laplacian is |V | × |V | matrix and acts on features!
Heat Equation

(∂th)(v) = −(∆h)(v)
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Laplacian and message passing

Important. Look at case 2 and the heat equation with ∆ = LD = I − D−1A:

(∂th)(v) = −(∆h)(v) = −h(v) +
∑

u,(u,v) edge

h(u)

d(u)

In its time discrete version:

ht+1(v) = ht(v)− ht(v) +
∑

u,(u,v) edge

ht(u)

d(u)
=

∑
u,(u,v) edge

ht(u)

d(u)

Hence:
Message passing = heat equation for diffusion Laplacian
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Dirichlet energy

Analogy with the ordinary setting.
Facts:

The Dirichlet energy measures the smoothness of a function:

D(f ) =

∫
∇(f ) · ∇(f )dx = −

∫
f∆(f )

(f compact support).

The Laplacian eigenbasis is a set of orthogonal minimizers of the Dirichlet
energy.

The Laplacian eigenbasis is optimal for representing smooth signals (the
features!) in the Fourier expansion.
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The Laplacian eigenfunctions
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Discrete convolution

On Grids. Circulant matrices: convolution operators commuting with
Laplacian. Hence: we can use the Laplacian eigenbasis (Spectral domain).

On Graphs. Laplacian eigenvectors: use this basis to expand features
h : V −→ R or h ∈ R|V |.

convolution on graphs ⇐⇒ laplacian operator

j th neighborhood of a vertex reached by j th power of laplacian

filters ⇐⇒ polynomials in the laplacian operator
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